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Tetrads of elasticity are a relevant tool for studying three dimensional topological insulators.
These tetrads produce three elastic U(1) gauge fields Eaµ, which together with the electromagnetic
U(1) gauge field Aµ enter the mixed topological Chern-Simons terms in the action. We consider two
classes of insulators, with the topological action correspondingly
∫
Ea∧A∧dA and eabc
∫
Eb∧Ec∧dA,
with a = 1, 2, 3. They describe the 3D intrinsic quantum Hall effect and topological polarization,
respectively. The response of the current and polarization to deformations is quantized in terms
of integer topological quantum numbers, Na and N
a correspondingly. These invariants are dual to
each other, being determined as integrals over dual manifolds in the reciprocal space. For a simple
Hamiltonian, the insulators of the second class have flat bands on their boundaries. These flat bands
give rise to the quantized polarization in the topological insulators of this class. The boundary flat
bands, which are extended to the whole surface Brillouin zone, have the largest possible density
of states. This suggests that the topological insulators of the second class may be included in the
competition whose final goal is room-temperature superconductivity.
PACS numbers:
I. INTRODUCTION
Elasticity tetrads is a convenient way to discuss non-
linear elastic deformations in terms of curved space.1
On the other hand, they have the dimension of inverse
length, which is different from the dimensionless conven-
tional tetrads in general relativity. These tetrads provide
a proper description of different topological phenomena
in topological insulators,2,3 and they can be extended to
the relativistic quantum fields and gravity.4
One of such topological phenomena described in
terms of elasticity tetrads is the electric polarization,
which is an interesting phenomenon by itself, see e.g.
Refs. 5–8. Being expressed via the elasticity tetrads,
the corresponding action in topological insulators con-
tains a dimensionless prefactor representing topologi-
cal polarization.3 This is different from the topological
charge showing up in the quantum Hall effect, see Fig. 1.
The topology determining the exotic polarization is
also responsible for the formation of an (approximate)
flat band on the surface of nodal line semimetals,9–12
nodal line superconductors13 superfluids,14 and topolog-
ical insulators.15
Here we discuss the topological polarization and flat
band using an extension of a simple model9 to a differ-
ent range of parameters. In this extension the multiple
Dirac points in a quasi 2D system evolve into a flat band,
which occupies the whole 2D Brillouin zone (BZ) on the
boundaries of the 3D system when the number of atomic
layers increases. This is accompanied by the formation
of a topological insulator state in the bulk. We consider
the topological action in the bulk in terms of elasticity
tetrads and the corresponding topological invariants re-
sponsible for the flat band and calculate an exotic polar-
FIG. 1: Elementary cells of a crystal in real (spanned by a,
b, c) and reciprocal spaces (Ea). Quantum Hall effect16 is
determined by the topological charge Na integrated over the
surface spanned by a pair of Ea, whereas the polarization
jump is described by the charge Na integrated along one Ea.
ization caused by the flat bands.
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2II. TOPOLOGICAL POLARIZATION IN 3+1
INSULATORS
A. Elasticity tetrads
Let us consider the theory of crystal elasticity using the
approach of Refs. 1,2. The deformed crystal structure
can be described as a system of three crystallographic
surfaces of constant phase Xa(x) = 2pina, na ∈ Z with
a = 1, 2, 3. The intersection of the surfaces
X1(r, t) = 2pin1 , X2(r, t) = 2pin2 , X3(r, t) = 2pin3 ,
(1)
are the nodes of a deformed crystal lattice. The elasticity
tetrads are gradients of the phase functions:
E ai (x) = ∂iX
a(x) . (2)
In an equilibrium crystal lattice the quantities Eaµ are
lattice vectors of the reciprocal Bravais lattice. In a de-
formed crystal, but in the absence of dislocations the
tetrads Eaµ satisfy the integrability condition
∇νEaµ −∇µEaν = 0 . (3)
Being gradients of dimensionless functions Xa, these
tetrads have dimension of inverse length, [Eaµ] = 1/[l].
This is the main difference to the dimensionless tetrads
used in the theories of general relativity. However, in
some theories the gravitational tetrads also have dimen-
sion 1/[l], see Refs. 17–21.
Moreover, due to periodicity of the crystal, the func-
tions Xa play the role of U(1) fields, and thus the tetrads
play the role of the vector potentials of the effective gauge
fields. This is why they can be used in the construction
of new topological terms alongside with the U(1) electro-
magnetic field. The new terms contain a mixture of the
electromagnetic Aµ and elastic E
a
µ gauge fields.
B. Anomalous QHE in 3D topological insulators
In particular, the elasticity tetrads are important for
a proper description of the intrinsic (without external
magnetic field) quantum Hall effect in 3D topological
insulators.16 The corresponding topological action (the
Chern-Simons topological term), which is responsible for
this effect, contains the elasticity tetrad as a dynami-
cal gauge field in addition to the electromagnetic gauge
field:2
S[A,A,E] =
1
4pi2
3∑
a=1
Na
∫
d4x E aµ 
µναβAν∂αAβ . (4)
Since this action is topological, the prefactor is expressed
in terms of the topological quantum numbers. There
are three integer coefficients Na, which are expressed in
terms of integrals of the Green’s functions in the energy-
momentum space:
Na =
1
8pi2
ijk
∫ ∞
−∞
dω
∫
dSia
Tr[(GωG
−1)(GpjG
−1)(GpkG
−1)] . (5)
Here Gω ≡ ∂G/∂ω, Gpi ≡ ∂G/∂pi, the momentum inte-
gral is over the 2D torus — the 2D boundary Sa of the
elementary cell of the 3D reciprocal lattice, see Fig. 1.
For a simple orthorhombic lattice, the topological
charge describing the QHE in, say, the (x, y)-plane is Nz.
It is the integral in the (px, py) plane of the elementary
cell of the reciprocal lattice at fixed pz (in insulators the
integral does not depend on pz):
Nz =
1
4pi2
∫ ∞
−∞
dω
∫
dpxdpy
Tr[(GωG
−1)(GpxG
−1)(GpyG
−1)] . (6)
While in 2D crystals the topological invariant describes
the quantization of the Hall conductance, the topologi-
cal invariants Na in 3D crystals describe the quantized
response of the Hall conductivity to deformation:
dσij
dE ak
=
e2
2pih
ijkNa . (7)
The presence of the reciprocal lattice vector E ak of di-
mension 1/[l] leads to a proper dimension of the 3D con-
ductivity.
C. Flat bands in 3D topological insulators
Three topological invariants Na, which are responsible
for the 3D QHE, are expressed in terms of the integrals
over three cross sections of the elementary cell of the
three-dimensional reciprocal lattice. The other class of
topological invariants represents the three invariants Na
expressed in terms of integrals over a line along the vector
of the reciprocal Bravais lattice as in Fig. 1. Such a line
forms a closed loop, which may accumulate a Zak phase
pi, see e.g. Refs. 9,10.
The invariants Na can be considered as dual to the
three invariants Na. For example, while the invariant
N3 is an integral over the surface formed by two vectors,
E1∧E2, the invariant N3 is an integral on the path along
the vector E3. There is also the topological invariant
based on all three vectors of the reciprocal lattice: it is
expressed in terms of the integral over the whole volume
of the elementary cell in the reciprocal space, E1 ∧E2 ∧
E3. Examples of such topological invariant are provided
by the superfluid 3He-B and Standard Model of particle
physics,22 when they are considered on the lattice.
In some cases the invariantsNa can be written in terms
of an effective Hamiltonian H(p) = 1/G(p, ω = 0), which
is the inverse of the Green’s functions at zero frequency.
3Here we assume that the insulator is PT symmetric, i.e.
obeys the combination of time reversal and space inver-
sion symmetries, and thus the PT operation commutes
with the Hamiltonian. It is important that the opera-
tor PT is local in momentum space (see also23,24), so
that we can write the invariant in terms of an effective
Hamiltonian. In particular, for an orthorhombic lattice
the invariant is
Nz(px, py) =
1
2pii
Tr
[
PT
∮
dpzH
−1∇pzH
]
. (8)
Similar to the invariant Nz(pz), which does not depend
on pz in insulators, the invariant N
z(px, py) does not
depend on the transverse momenta p⊥ in the gapped
systems (insulators or superconductors).
In noninteracting PT -symmetric insulators these in-
variants determine the Berry phase change along the loop
(Zak phase), which is piNa. In nodal line semimetals the
nonzero Zak phase produces zero-energy surface states,
which form a flat band9,10. In the insulators, where the
invariants do not depend on p⊥, the flat band occupies
the whole Brillouin zone on the corresponding bound-
aries of the sample. Note that the exact flatness of these
surface bands rely on a chiral symmetry often present es-
pecially in nodal line superconductors13, but also in ap-
proximative descriptions of nodal line semimetals.9 This
symmetry is not necessary for the stability of the nodal
lines12,15, but in its absence the surface states become
”drumhead” states with some dispersion.
D. Anomalous polarization in 3D topological
insulators
The dual invariants Na are applied to the topologi-
cal action that can be considered dual to the action (4),
where one gauge field Aµ is substituted by the tetrad
gauge field.3 The 3D topological polarization is described
by the following topological term for the topological in-
sulator:
S[A,E,E] =
1
16pi2
3∑
a=1
Naeabc
∫
d4xEbµE
c
νe
µναβ∇αAβ .
(9)
Since the term (9) is linear in the electric field E =
∂tA−∇A0, three invariants Na (a = 1, 2, 3) characterize
the topological polarization δS[A,E,E]/δE along three
directions.
Let us consider for simplicity an orthorhombic crystal
with an electric field along z. Then the appropriate part
of the action contains the invariant N3:
S[A,E,E] =
N3
8pi2
∫
d4x(E1×E2)·E = N
3
8pi2
∫
d4xS12 ·E ,
(10)
where S12 is the area of the 2D BZ in the plane perpen-
dicular to the normal of the considered boundary.
Electric polarization is determined as the response of
the action to the electric field E in the limit of zero electric
field, E → 0. From Eq. (10) it looks that for the topolog-
ical insulator with Na 6= 0, the polarization is nonzero in
zero electric field, which is however forbidden by parity
symmetry, or by the PT invariance. In fact, it is for-
bidden for the infinite sample, while in the presence of
boundaries this is possible, since boundaries violate par-
ity symmetry. In the presence of two boundaries there are
two degenerate ground states with opposite polarization.
In one state the positive electric charges are concentrated
on the upper boundary (with electric charge +|e|/2 per
one state in the flat band), and the negative charges are
on the lower boundary. In the other degenerate state the
polarization is opposite. The first state is obtained as
a response to the electric field Ez → +0, while the sec-
ond state is obtained in the limit Ez → −0. This means
that the topological polarization can be considered as the
difference in polarization, when the electric field changes
sign.
Recent calculations of the topological polarization in
nodal loop semimetals have been done in Ref. 7. We con-
sider this for those topological insulators where the quan-
tization takes place. Similar to the response of the QHE
to deformations in Eq. (7), which is quantized in topo-
logical insulators in terms of invariants Na, the response
of the topological polarization to the proper strains is
quantized in terms of the invariants Na. From Eq. (10)
it follows that the proper strain is the deformation of the
cross section area in the reciprocal lattice:
dP i
dSab,k
=
1
8pi2
δikeabcN
c . (11)
For the simple orthorhombic crystal and for polarization
along z one has:
dP z
dS12
=
1
8pi2
N3 . (12)
This derivative of the polarization with respect to de-
formation is an example of the well defined ”differential”
polarization5,6. Note that the polarization itself is not
quantized, but its derivative with respect to deformation
in Eq. (11) is quantized.
III. ANOMALOUS POLARIZATION AND FLAT
BAND
In 3D topological insulators, the same invariant Na
hence determines both the flat band on the surface of
the materials and the topological polarization. The rea-
son for that is that at each p⊥ the system represents a
1+1 topological insulator, and thus for each p⊥ there
should be a zero energy state on the boundary. Thus for
the topological insulators with nonzero N c the flat band
exists on the surface for all p⊥. This is distinct from
nodal line semimetals, where the region of the surface
flat band is bounded by the projection of the nodal line
4to the boundary. The topological insulator phase can be
obtained when the Dirac loop is moved to the boundary
of the BZ.
FIG. 2: Nodal lines for different parameters t. In top figures
showing the spiral lines up to t = 1, the first Brillouin zone
is shown as a box. In bottom figures, only the first Brillouin
zone is plotted.
This can be checked using an extension of the model
in Ref. 9 with f = sin px + i sin py − te−iapz , i.e. the
Hamiltonian in the limit of infinite number of layers is
H = σx(sin px−t cos(apz))+σy(sin py−t sin(apz)) . (13)
For low enough t, the nodal line can be found at the
momenta px, py, pz that simultaneously nullify the coef-
ficients of σx,y. This model has three different phases
depending on the value of the coefficient t as illustrated
in Figs. 2 and 3. For t < 1, the first Brillouin zone con-
tains four spiral lines, one inside it, others going through
the Brillouin zone boundaries. In this case there are sur-
face flat bands at the projection of the spirals to the
surfaces. At t = 1 these lines touch and cut each other
to form closed nodal line loops when 1 < t <
√
2. The
projection of these loops to the surface still mark the
boundaries of the surface flat bands. Finally, for t =
√
2
the loops shrink into four nodal points and vanish for
t >
√
2 in which case the system forms a topological
insulator. In this case the flat band extends through-
out the 2D Brillouin zone of the transverse momenta.
This behavior is qualitatively similar to that found for
the slightly more complicated model of rhombohedrally
stacked honeycomb lattice.15
The topological invariant is in Eq. (5) of Ref. 9, where
the PT operator is played by σz. In terms of the Green’s
FIG. 3: Two lowest-energy eigenstates near E = 0, showing
how for t <
√
2 the flat bands extend through part of the first
Brillouin zone, and for t >
√
2 across the entire B.Z. In the
figure with t = 1.5, the shown finite energy is associated to
the finite number of layers in the simulation (note the energy
scale that is lower than in other plots). All plots are computed
with N = 51 layers.
function the invariant is in Eq. (8) of Ref. 9:
N3(p⊥) =
1
4pi
∮ pi/a
−pi/a
dpz
∫ ∞
−∞
dωgˆ ·
(
∂gˆ
∂pz
× ∂gˆ
∂ω
)
, (14)
which is Nz(p⊥) = 1 for Hamiltonian in Eq. (13).
For a finite number of layers the Hamiltonian matrix
is
Hij = (σx sin px + σy sin py)δij − t(σ+δi,j+1 + σ−δi,j−1) .
(15)
This can be used to compute the spectrum shown
in Fig. 3. Moreover, using the (spinor) eigenstates
φn(j, px, py) of the finite-system Hamiltonian correspond-
ing to eigenenergy n, we also get the charge density at
layer j
ρj = ρ0− e
∑
n
∫
BZ
d(2)p
(2pi)2
f(n)φn(j, px, py)
†φn(j, px, py).
(16)
Here the integral goes over the 2D Brillouin zone of size
S12 of the transverse momenta, f() is the Fermi function
and ρ0 = eS
12/(4pi2) ensures a charge neutral situation
at zero chemical potential. We calculate everything at at
zero temperature.
In a given electric field, the polarization can be com-
puted as
P z =
1
2
N∑
j=1
ρjsgn(j −N/2), (17)
We calculate this polarization in the case of an applied
electric field similarly as in Ref. 7 (see Appendix for
5details).25 We mostly concentrate on the case of negligi-
ble screening, i.e., disregard the back-action of the charge
density to the electric field. This corresponds to the limit
α→ 0 in Ref. 7. The results are shown in Fig. 4. Due to
the presence of the flat bands, a small electric field leads
to a charge density that is antisymmetric with respect
to the center of the system (the average charge hence
vanishes), i.e., a non-zero charge polarization. This po-
larization jumps rather abruptly as a function of the sign
of the electric field. The size of the jump is
P z(Ez > 0)− P z(Ez < 0) = eΩFB
4pi2
, (18)
where ΩFB is the area of the flat band in momentum
space. In the topological insulator phase t >
√
2 the
size of the flat band becomes equal to the size of the 2D
Brillouin zone, ΩFB = S
12, and hence we get the result
of Eq. (12).
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FIG. 4: Polarization as a function of the hopping parameter
t driving two Lifshitz transitions from two types of nodal line
semimetals at t < 1 and 1 < t <
√
2 to a topological insula-
tor phase at t >
√
2. Upper inset: charge density for a few
parameter values indicated in the legend. Lower inset: polar-
ization as a function of the electric field Ez. If not specified
otherwise, the figures are calculated with N = 21 layers, and
with electric field Ez = 0.1.
Note that the model described here contains a chiral
symmetry: H anticommutes with the PT symmetry op-
erator σz. Such chiral symmetries are typically not en-
countered in crystal lattices, but they may be approx-
imate symmetries in their model Hamiltonians (for the
case of rhombohedral graphite, see Ref. 28). Chiral sym-
metry breaking terms do not destroy the surface states,
but in their presence the surface states become drum-
head states with a non-zero bandwidth δ. In this case
the polarization no longer contains an abrupt jump as
a function of the field, but the jump has a finite width.
Nevertheless, its size remains the same as in Eq. (18).
IV. CONCLUSION
The topological invariant (Zak phase) in Eqs. (8) and
(14) describes two phenomena: the topological response
of polarization to the strain and the flat band. This
demonstrates that the topological polarization comes
from the filling of the zero energy surface states. We
found that the response of the polarization to the prop-
erly defined deformations is quantized, see Eq. (11). This
is distinct from the nodal line semimetals, where there is
also a flat band. But this flat band occupies only part of
the surface BZ, and as a result there is no quantization.
The derivative with respect to the deformation becomes
quantized when the nodal line is moved to the boundaries
of the BZ and annihilate forming a topological insulator.
This situation is very similar to that in the intrinsic 3D
QHE. In the 3D topological insulators it is the derivative
of the Hall conductivity which is quantized2. In the Weyl
semimetals such quantization is absent, but is restored
when the Weyl nodes move to the boundaries of the BZ
and annihilate forming a topological insulator.
Systems with flat bands are strongly susceptible to
interaction induced broken symmetry phases such as
superconductivity.11 There, the (mean field) transition
temperature Tc is proportional to the volume of the flat
band, if the flat band is formed in the bulk,27 or to the
area of the flat band if it is formed on the surface of
the sample.10 Topological insulators have a larger area of
the flat band compared with the flat bands on the sur-
face of nodal line semimetals, and thus they may have
a higher Tc. This means that topological insulators may
be included in the competition whose final goal is room-
temperature superconductivity.
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Appendix A: Appendix: details of the numerics
Figure 2 is produced by a parametric plot exhibiting
the simultaneous solutions to the equations
sin(px) = t sin(pz); sin(py) = t cos(pz).
Figure 3 is obtained by constructing the 2N×2N matrix
corresponding to Eq. (15). The plotted quantity cor-
responds to the two center eigenvalues, which are the
lowest-energy eigenstates at µ = 0 for the particle-hole
symmetric Hamiltonian.
Figure 4 finds the eigenstates of the Hamiltonian Hij−
µjδij with a layer dependent potential µj . To mimic an
electric field in the direction perpendicular to the layers,
we follow Ref. 7 and choose
µj = Ez(j −N/2).
6Using the resulting eigenstates and -energies, we then
calculate the charge density Eq. (16) and polarization
Eq. (17). Note that this approach neglects the changes
into µj that would come from solving the Poisson equa-
tion. It hence corresponds to the limit κ→∞ or α→ 0
in Ref. 7. The case of a finite κ would lead to a possi-
bility of broadening of the polarization step, but would
not affect the size of the step. Moreover, we have studied
the effects of chiral symmetry breaking terms (that do
not anticommute with σz). They lead to a non-vanishing
bandwidth of the surface states similar to what happens
in rhombohedral graphite28. As long as such terms are
weak, they only broaden the polarization jump but do
not change its overall magnitude.
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